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Let H(l)be the first factor of the class number of the fieldQ(exp 2ni/l),f a prime. 
The best-known upper and lower bounds on H(I) are improved for small 1. The 
methods would also improve the best-known bounds for large 1. It is shown that 
H(1) is the absolute value of the determinant of an easily written down matrix 
whose only entries are 0 and 1. The upper bounds obtained on H(Z) significantly 
improve the Hadamard bound on the determinant of this matrix. Results of 
Iehmer on the factors of H(I) are explained via class field theory. 
Let I = 2d + 1 be an odd prime number and let H(I) denote the first 
factor of the class number of the cyclotomic field Q(exp 2741). Then H(I) 
is the quotient of the class number of Q(exp 2741) by the class number of 
Q(cos 27r/Z). 
There are many closed formulas for H(I), but so far exact values of H(Z) 
have been published only for 1 < 257 (see [S, 151 and also [18]). In this work, 
we indicate an easy way to extend these tables and also prove some results 
on the prime factors of H(I). Computations were carried out for all 1 < 521 
and will appear elsewhere [lo]. 
In the first section we use the analytic class number formula to derive a 
simple algebraic expression for H(I). We show that H(I) is the absolute value 
of the determinant of a matrix whose entries are zeros or ones. 
The second section uses analytic methods to derive upper and lower 
bounds for H(I). The upper bounds facilitate computation of the determinant 
of Section 1. 
The third section is arithmetic in nature. We use class field theory to show 
that factors of H(I) must lie in certain arithmetic progressions. 
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1. ALGEBRAIC RESULTS 
In this section we derive an expression for H(I) as the absolute value of 
the determinant of a 0, l-matrix. We also give an easy algorithm for writing 
down this 0, l-matrix. 
Our starting point is the well-known closed formula for H(1) (cf. [5, p. 121 
or F3, P. W), 
H(f) = 21 n 
( 
-’ z2 f(a) a 
21 a=1 > 
(14 
where the product runs over all odd Dirichlet characters 2 with conductor 1. 
To obtain H(I) as a determinant we will use the following: 
LEMMA 1.1. Let G be a jinite Abelian group and Y = Hom(G, C*) the 
group of characters of G. Let f : G -+ C be any complex-valuedfinction on G. 
Then the determinant of the matrix A = (f (a+)),,, , where u and S- run 
through all the elements of the group G in some fixed order, is given by 
det A = n (1 f(4 $63). JEY' OEG 
Proof. See [2, p. 421, problems 12-141. 
In order to apply the lemma to the closed formula (1.a) we must make 
some changes. There are (I - 1)/2 = d odd Dirichlet characters mod I. If we 
choose any one of them, x say, and fix it, then any odd Dirichlet character 
2 mod 1 is 2 = x# where IJ is an even Dirichlet character mod 1. Our fixed x 
then gives a one-to-one correspondence between the set of odd Dirichlet 
characters mod I and the set Y of even Dirichlet characters mod 1. We may 
identify !P with the characters of the group 
G = coker((1 + lZ, - 1 + lZ} + Z/lZ). 
With 2 = x$, $ E Y, as above it is easy to see that Cict f(a)a = 
C”,=, (2a - I) x(a) #(a). Therefore, we define a function on Z by putting 
f(a) = x(a)(a/l - [a/l] - 0.5) for an integer a. Since f(a) = f (a + I) and 
f(a) = f (-a), f may actually be viewed as a function on G. 
Via Lemma 1.1 on group determinants we get that (21)-l H(I) = the 
absolute value of the determinant of (f (rc’)),,,=l.z,....a where cc’ = +I mod I 
and f (rc’) is the entry in the rth row and cth column. We assume now that c’ 
is the unique integer 1 < c’ < d associated to c such that cc’ = *l mod 1. 
Since x(rc’) = x(r) x(c’) we may factor x(r) from row r, x(c’) from column c 
where r, c = 1, 2 ,..., d. The factor pulled out from the determinant is 
nf=, ~(cc’) = kl and so (21)-l H(Z) = absolute value of the determinant 
((2 2 - o/w~.c=l>2.. . . ,d where FJ is the least positive residue of a modulo 1. 
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Note that Z/l = a/l - [a/l] for positive integers a. We are now in a position 
to prove. 
THEOREM 1.2. Let 1 be aprime greater than 5. Let H = (h(r, c)),,,=,,, ,..., (l--lj,z 
be the matrix whose (r, c)th entry is [rc/l] - [(r - l)c/l]. Then H is a 0, I- 
matrix and 1 det H I = H(l), thefirst factor of the class number of Qfexp 27rilI). 
Proof. We will write m(r, c) = (2Z)-l(22 - I) and put M = the d x d 
matrix whose rth row and cth column has m(r, c). We have (21)-l H(I) = 
/ det M 1. Multiply the entries in the first column of M by 21 and one gets a 
new matrix N with H(I) = 1 det N 1, n(r, c) = m(r, c) for c > 1 and n(r, 1) = 
2r - 1. In particular, n(d, 1) = - 1 so we may use this entry to zero the 
other entries of the first column. Now we may ignore the first column and 
the last row of the resulting matrix which we still denote N. For c ; 1 we 
have n(d - 1, c) = [dc’/l] - [(d - l)c’/l] - c’// - 2n(d, c). We can put rows 
1, 2,..., d - 2 in this form also by subtracting row r t I from row I’ for 
r= I,2 ,...1 d - 2. Now subtract row 1 from each of the rows corresponding 
to r = 2,..., d - I. The entries in these d - 2 rows now become [(r + l)c’/l] .- 
[rc’/l]. In column c = d we have c‘ = 2 so the only nonzero entry in that 
column (up to row d - 1) is - 1 = -2/l - 2((2(1 - 1) - O/21) in row I. 
The theorem follows easily now by rearranging the columns and indexing 
them by the values of c’. 
This theorem was originally proved by Carlitz and Olson [3]. Although 
the matrix H has easily determined entries, there is a method by which we 
can write down H with very few divisions. 
THEOREM 1.3. The matrix H = ([rcil] - [(r - ~)c/Z]),,,=~,...,~ can be 
written down by putting in I’s according to the following scheme and then 
making every other entry 0. 
(A) Set a counter CT = d and a “wave number” WN = I. 
(B) Put N = (WN)l. Begin in column c = 2( WN) j 1. 
(C) Divide tojnd r = [N/c] + 1. Put 1 in the (r, c)th entry. Put l’s in 
row c from column r through CT inclusive. Set CT = r - 1, c = c 2 1. 
Repeat step (C) until r < c + I. 
(D) Increment WN = WN + 1 and reset CT = d. Go back to step (B) 
anfess 2( WM) + 1 > d in which case we are done. 
Proof. As before put H = (h(r, c)). Let a be a positive integer less than 
l/4. Suppose [al/c] + 1 = R > T = [al/(c + l)] + 1 with d > c > a. We 
assert that then h(c + 1, s) = 1 for s = T ,..., R - I. Well R - 1 <, 
al/c < R so sa/(R - 1) > SC/I > sa/R. Since s < R - 1 and (SC, I) = 1, 
we have a > SC/~. Similar considerations show s(c + 1)/r > a so h(c + 1, s) = 
[(c + I)s/l] - [SC/~] = a - (a - 1) = 1 and the assertion is proved. 
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Conversely, assume h(c + 1, s) = 1 for some S. We assert that then 
[aZ/(c + l)] + 1 < s < [aZ/c] where a = [(c + I)s/Z] < Z/4. Let T = 
MC + 111 + 1 and R = @Z/c] + 1. By our assumption, es/Z < a < 
(c + 1)8/Z (there is no equality since 1 cannot divide a row or column index). 
The assertion follows easily. 
We note that WN * Z/c is never integral so r = [ WN * Z/c] + 1 is merely 
the result of the division rounded upwards to the next integer. We give two 
examples. The nonzero integers in the matrices below stand for entries of H 
which are 1. The integers represent consecutive divisions in the scheme of 
Theorem 1.3. For 1 = 23, the first division determines 5 entries, the second 
division 3 entries, etc.: 
1 = 23: 000001111 
000220000 
003000044 
020005500 
000060077 
100500800 
000008009 
0040700100 
0 0 0 0 0 0 9 0 II; 
z = 37: 0000000000111111 
0000000222000000 
0000033000005555 
0000400000660000 
0 0 0 4 0 0 0 0 7 7 0 0 0 10 10 10 
003000080001111000 
0 0 0 0 0 0 9 0 0 0 12 0 0 0 15 15 
0 2 0 0 0 8 0 0 0 13 0 0 16 16 0 0 
0 0 0 0 7 0 0 0 14 0 0 17 0 0 19 19 
0 0 0 0 0 0 013 0 018 0 020 0 0 
10 0 6 0 012 0 018 0 021 0 023 
0 0 0 0 011 0 017 0 022 02424 0 
0 0 5 0 0 0 016 0 021 025 0 026 
0 0 0 010 0 0 0 020 024 0 027 0 
0 0 0 0 0 015 019 0 0 0 027 028 
0 0 0 0 0 0 0 0 0 023 026 028 0. 
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With the nonzero entries above replaced by l’s, the reader may easily 
verify that H(23) = 3 and H(37) = 37. 
2. ANALYTIC RESULTS 
In this section we derive upper and lower bounds on the value of H(f). 
From the residues of the Dedekind zeta functions of Q(exp 27ri/l) and 
Q(cos 2n/Z) at the point s = 1, it is easy to see that 
WI = W n W, x) 
xodd 
fx=l 
where G(I) = 21(1/4~~)+~)/~ and the L(s, x) are Dirichlet’s L-functions. 
Kummer [7] asserted that H(1) is asymptotic to G(I) but this has never been 
proved. Since values of H(I) for I < 257 have been checked by at least three 
independent sources [lo, 181, we assume throughout the rest of this section 
that I 3 263. 
In order to approximate H(I), it suffices to approximate g(1) where g(s) = 
x xodd f,=l In L(s, x). If the complex variable s = u + it, we may consider 
g(s) as a regular single-valued function in the region g >, u(t), u(t) == 
1 - & ln(l(1 + / t I)), for all 1 > 211 [I 1] unless 1 == 3 mod 4. When 
I = 3 mod 4, the quadratic character x* mod 1 is odd and it is possible that 
there is a “Siegel zero” of L(s, x*) on the real axis between 4 and 1. We can 
bound b, the exceptional zero, away from 1 by using the mean value theorem. 
Let u = u(0) = 1 - %s In Z, and let h be the class number of Q((-l)li2). 
We have .rrh/Z1/2 = L(1, x*) = (1 - b) L’(c, x*) with u < c < 1 if b > u. 
Standard techniques show that 
where T is a uniform bound on the trigonometric sums Ct==, x*(u). The 
Polya-Vinogradov inequality [I, p. 1731 allows us to take T = N2 In 1. 
Then 
I L’(c, x*)1 < e”.05 i In a/a + e”.Oc ln2 l/lljn 
a=2 
-c 0.53(1n2 I - 2 In I In 2 + ln2 2 + ln2 1/21’9 
-c 0.53 In2 1. 
Hence, b > u implies b < 1 - nh/0.53W2 ln2 1. Consequently, when 
118h >, 11j2 In 2 there is no exceptional zero in the region u > u(t). Since 
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h > 3 for I 3 263, we see that this is certainly true for I < 2137. In this 
paper we are mainly concerned with bounds on H(Z) for small values of 
I, 1 -=c 1000, say, so we assume that g(s) is single valued in u 3 u(t) for the 
primes I under our consideration. In a subsequent paper we will show that 
the methods of this section can be used to improve Lepisto’s bounds [12] on 
ln(ZZ(Z)/G(Z)) for large I. The results of this section are an improvement on 
Lepistij’s bounds for small 1. 
We will ultimately use the mean-value theorem to approximate g(1) so 
we study g(s) and its derivative on the real axis to the right of 1. 
We can write g(s) as a Dirichlet series for u > 1 
g(s) = d C ix - 1 -&- i P.j P.k kp I 
PjSl(Z) @,-l(Z) 
where p’s are primes and j and k are natural numbers. Since the reduced 
residues module I form a cyclic group, the prime p will have some power 
congruent to - 1 mod I if and only if p has even order modulo 1. Hence, the 
Dirichlet series becomes 
1 f-l C - ln(1 - p-f”) - 1 f-l 1 ln(1 + p-f”) 
fld PO1 fld POf 
fohd order f order2f 
mod 1 mod I 
We will need some auxiliary lemmas in order to bound the A’s and the B’s. 
LEMMA 2.1. Let I(a, b) denote sl w-le-w dw. Thenfor 0 < a < 1 we have 
I(a, 1) < a - In a - 0.75 and I(a, a) < a - In a - 0.53. 
Proof. For the first inequality notice that I(a, 1) < ji (x-l - 1 + x/2) dx. 
For the second inequality it suffices to show that Z(1, co) < 0.22. Using the 
first few terms of its Taylor series as an upper bound for w-le+, we see that 
Z(l, 4) < 0.2157 and from elementary estimates we see that Z(4, co) < 
e-4/4 - e-5/20 - e-=/30 - *** < 0.0042. 
The above integral is useful because of the following 
LEMMA 2.2. Let f be a positive integer, E = $1, and u, fl real numbers 
greater than 1. Put r(a, x) = (c/f) In(1 + EX+). Let M be any modulus 
greaterthan1.PutK=Mfl-cE,/I*=~-iW1ifE=+1,and/3*=/3 
if.~ = -1. Then ifK > M we have 
pzK r (u ,  p) < 24(fu - 1) In rB*, m)lVM Mf-l(MO-l)f’ 
pmz(h4) 
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Proof. Let 
P(x)=P(x,M,a,P)= 1 1 =C’l. 
LJ<x 
P>K 
D--a(M) 
Then C’ r(u, p) = Czzm (P(n) - P(n - 1)) r(a, n) where m = K or [K] + I 
according as K is an integer or not. Hence, 
by partial summation. Using the large sieve inequality P(x)<2x/y(M)ln(x/M) 
which is valid for x > A4 (see [14; 4, p. 1241) we obtain 
2a n 
C’ r(u, P) -=c ___ 
dx 
v(M) s K (xf” + e) In(x/M) ’ 
For E = - 1 we see that (xfO - 1) ln(x/M) > (x - l)t” ln((x - 1)/M) so 
20 cz 
z’ r(u, P) -c ___ 
dx 
q(M) .r Mu xfo ln(.u/M> 
20 Ml-f m dy =-- 
q(M) (Mu-‘)I s B yf” 
The result follows upon making the substitution w  = (fu - 1) ln y. Similar 
reasoning applies when E = 1 since then M/3* = K and (xf” + 1)-l < x-f”. 
COROLLARY 2.3. When u > 1, we have 
dA(1, u) < oP~{(cT - 1) In 2 - ln(o - 1) - 0.163, 
dB(1, u) < uP’{(u - 1) In 2 - In(u - 1) - 0.16$, 
d&l, u) + dB(1, u) < c#-~{~(u - 1) In 2 - 2 ln(u - 1) - 1.02). 
Proof. Use Lemmas 2.1 and 2.2 with j3 = 2 or 4 noting that 21- 1 and 
2Z+ 1 are not both primes. 
COROLLARY 2.4. Let the positive integer a represent a reduced residue class 
modlofordervgreaterthan2.Let~=--1,f=~~ifvisoddand~=l, 
f = v/2 if v is even. Put r(u, x) = (e/f) ln(1 + EX-f”) for u > 1. Then 
pz(l) r(u, PI < d-l &f ” - “,Ff!,- ‘fl2) 
9>1 
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Proof: Notice that a 3 (I - l )l/f. Hence the summation on the left-hand 
side is over primes greater than fiI - E > I + (I - ,)1/f. Now apply Lemma 
3.2. 
We see that we can now estimate most of g(s) = d{C A - C B} for 
s = (T > 1. It remains to consider the contribution of primes less than 1. 
For a particular p, we have -ln(l - p-f”) < (pf - 1)-0 and ln(1 + p-f”) < 
p-f” so the contribution of p to g(u) may be estimated by either (kl)+ or 
(k(l - 1)))0 where pf + E = kl. It is useful to know the following 
LEMMA 2.5. Let M be an odd prime power and let f 3 2 be an integer 
dividing y(M). Then there is at most one prime p of order f module M with 
pf c M2. Also there is at most one oddprime p of order 2f with pf = - 1 mod A4 
and pf < W’. 
Proof. Let z represent an element of order 2F module M with z2F < M2. 
Then zF < M and zF = - 1 mod M since the reduced residues modulo M 
form a cyclic group with a unique element of order two. Hence zF = M - 1 
so z is even. 
Suppose g, < g, are the least positive representatives in Z of elements of 
order 2F + 1 = f module M with g,f < M2. When f = 3, g, and g, are 
related by g, = M - g, - 1. Then M/2 < g, < M2f3 implies M = 7 and 
so g, = g12 = 4. When f > 3, consider the elements 1, g, , g12 ,..., glF, g, , 
2 g, ,..., g2F. All these positive numbers are less than M by assumption so if 
two are congruent they are equal. If there is no duplication, these numbers 
must represent all f solutions of xf = 1 mod M. Now g, g, < M4/f < M 
and gl < g2 < gl g2 < g22 so gl g2 = gf+l and g, = glA. If there is duplica- 
tion, it is easy to see that it can be only of the form g2B = glA. In either case 
we see that g, and g2 have the same prime factors and the results follows. 
Now suppose g, < g, are the least positive representatives of elements 
of order 2f with g,f = - 1 mod M and gif < M2. When f = 2F we see that 
glF, gZF, M - grF, M - g2F all represent elements of order 4: Since there 
are only ~(4) = 2 elements of order 4 modulo M, giF = M - giF mod M 
with i # j and thus M = giF + giF. Both of g, and g, cannot be odd primes 
because M is odd. When f = 3, g, = M - g, + 1 so (M + I)/2 ,< g, < 
M213, a contradiction since 2f = 6 must divide y(M). When f = 2F + 1 > 3 
consider 
gl 7 & 2 F p..., g, , g, , g, 2 ,..., &sF, M - g, , . . . . M - glF, M - g, ,..., M - g2F. 
If these are all distinct, they represent all the elements in the cyclic group of 
order 25 except f I. So g, g, = +gt+l and since g, < g, g, < g22 < 
g2F < M we see that either gi = giA or g, + giA = M with i # j. We get 
similar equations when there is duplication among the 4F numbers under 
consideration. The result follows as above since M is odd. 
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We are now ready to estimate the contributions of A(f, u) and B(f, u) to 
g(u) where f > 1. 
LEMMA 2.6. When u > 1 we have 
(ii) z B(f, cr) < 0.28d-111-u, 
/>I 
(iii) 1 A(,f, u) + 1 B(f, u) < 0.4d-111-~. 
Proof. Lemma 2.5 tells us that for (i) and (ii) there is at most one number 
in the sequence 21 + c, 41 + E,..., 1(1 - 1) + E corresponding to each value 
offin the summation. 
For (i) we note that -ln(l --P-~O) < (p’” - 1)-r < (p’ - 1))“. If 
pf < l2 andp is odd, thenpj - 1 = 21. k where 1 < k < d. For the prime 2 
we note that f 3 13 if 1 > 263 and 2f = 1 mod 1 so the prime 2 contributes 
at most 1+/13. For the odd primes with pf < 12, we get an upper bound of 
(21)-0{(3 . 1)-l + (5 . 3)-l + (7 * 2)-l + (9 . 4)-l + (11 . 6)-l -i- (13 . 7)-l + 
(15 . 9)-l -, (17 . 10)-l + . ..} < (21)0(0.6). H ere we have noted that 3 divides 
one of any three consecutive numbers of the progression 21+ I, 41 + I,..., 
I2 - I A 1 and also that the order of 3 mod 1 is not less than 7. For the odd 
primes with pf > l2 and p < I, we may use the upper bound 1-20(+ + $ + 
-5 + . . . -T (2t - 1)/(2t + 1)) by noting that 1 and a p with pf < l2 already 
account for two of the residue classes of order jI There are at most l/6 odd 
primes less than 1. Hence 1 + 3 + a** + 2t - 1 = t2 < l/6 so we get an 
upper bound of (l/6)“/” i-20. From Corollary 2.4 we can bound the con- 
tribution of the primes 
P ) I bY ‘-l(p-i)3 ( 
u (21nl--1.5 +41nl II 
312 514 -j-( < o.ol3(11-o)2/d/. 
Putting these estimates together we see that for u > 1, 
We proceed similarly for (ii). We have In(1 + p-f”) < p-f” < (k(Z - l))-” 
if pf =- kl - 1. For the prime 2, the numbers 211 + 1 = 3 . 683, 2r3 + 1 =T- 
3 1 2731, and 216 + 1 = 65,537 are the smallest numbers of the form 2f i- 1 
which have prime factors larger than 262. We see that we can bound the 
contribution of the prime 2 to C B(f, u) by (2d)-0/16. For the prime 3, 
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37 + 1 = 4 - 547, and, as before, 3 divides one of any three consecutive 
numbers in the sequence 2I- 1,41- I,..., I2 - I- 1. Hence, by Lemma 2.5 
the odd primes with pf < 12, f > 2, pf = - 1 mod I have a contribution to 
the sum in (ii) bounded by (4d)-“((2 . I)-’ + (3 * 3)-l + (4 * 4)-l + (5 .6)-l + 
(6 . 7)-l + (7 . 2)-l + (8 . 9)-l + (9 . 10)-l + (10 . 12)-l + (11 . 13)-l + 
(12 . 15)-l + *..} < 0.92(4d)-“. For primes p > I, Corollary 2.4 shows that 
they contribute no more than . 
Inl- 1 
(d-1+-1’2) ( 21 
2 ln I 
+ 312 + $1) < 0.5(ln Q-“/d/. 
Putting our estimates together, we see that 
; B(f, u) < d-1l1-u (A + 7 + F) < 0.28P’ld. 
f>l 
Lastly, for (iii) we notice that 3 divides one of 2kI & 1 whenever Ik is 
prime to 3. Proceeding as above we would sum the reciprocals of 2 * 1, 3 * 2, 
3 . 3, 4 . 3, 5 . 4, 5 . 5, 6 . 6, 7 . 1, 7 * 6, 8 * 7, 9 . 8, 9 * 9, 10 . 9, 11 . 10, 
11 * 11, 12 * 12, 13 . 12, 13 . 13,... and obtain the result that the sum in (iii) 
c Atf, 4 + c NA 4 1.40 0.5 In < d-111-o ( 1 + + 0.013 + 26 4 1 I 1 
< 0.4d-‘El-“. 
We can now obtain both upper and lower bounds on g(o) for u > 1 from 
(2.a). Moreover, by examining the proofs of Lemmas 2.2 and 2.6 we can 
see that for ZI > 0 we have proved that 
Ig(1 + o+it)i <+[3vln2-2lnv-- 1.02+&i. (2-b) 
Denote the expression on the right-hand side by B(v). 
Now let E(s) = n L(s, x) where the product is over all d odd Dirichlet 
characters of conductor 1. Then E(s) is an entire function and E(s) = 
exp(g(s)) when g(s) is defined. In particular, for 2, > 0 we have by (2.b) 
I EC1 + 7~ + it>1 < expW9). 
The functional equation for Dirichlet’s t-functions with primitive charac- 
ters shows us that 
($)-8d’2 (r (J+))d E(s) 
= w (+)-d(1-8)‘2 (r ( l + ; - s ))” E(l - s) 
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where W is a constant of absolute value one. We have, therefore, 
I W)l < (q”“‘“’ j r (; + J+/r (; + ;)ld ! E(1 - s)l. (2.c) 
Following an idea of Rademacher we can now prove 
THEOREM 2.7. For $ 3 v > 0, u = Re s E (-a, 1 + tp), undfor all primes 
1 ‘, 263 the inequality 
((L-l)/Z)((ltr-0)/Z) 
exp(B(4) 
holds where B(v) = I-“(1 + u)(3v In 2 - 2 In v - 1.02 + 0.4(1 + 21)-l). 
ProoJ We will use the following results of Rademacher which are special 
cases of Lemma 2 and Theorem 2, respectively, of [17]: 
and 
Let E(s) be regular analytic in the strip S(a, b) = {s E C 1 a < 
u < b) and satisfy for certain constants c, C / E(s)1 < 
Cexp(/ t 1”). Suppose, moreover, that I E(a + it)1 < A / I + (2.e) 
a + it Ia and I E(b + it)1 < B with a > -1 and 01 >, 0. 
Then in the strip S(a, b) 
1 E@)/ < (A / 1 + s lyo)l(b-a) (B)(o-a)i+n). 
Now E(s) satisfies the growth condition of (2.e) because it is the product 
of functions which satisfy the same type of growth condition. Put a = --L’ 
and b = 1 + v. From (2.~) and (2.d) we see that for 2 3 z’ > 0 we have 
1 E(-t> .-L- it)\ < (~)d(-c-(1’2)) 1 1 - 1: f it /a((lP)+r) exp(B(v)). (2.f) 
With B = exp(B(v)), 01 = d(& + u), A = (l/27~)~B the result follows from 
(2.e) by using (2.f) and ( E(1 + u + it)1 < B. 
COROLLARY 2.8. For a prime 1 > 263, H(l)/G(l) = E(1) < e-2.75(1 - 1)2 . 
{ln(l/r)j2. Alternatively, ln(H(l)/G(l)) < 2 ln(1 - 1) + 2 In ln(l/r) - 2.75. 
Proof. Use Theorem 2.7 for s = 1 and u = 8/((1- 1) ln(Z/r)). 
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The upper bound of Corollary 2.8 is sharper than the upper bound given 
in [13]. It is not so good as the upper bounds of LepistG except for small 
primes congruent to 3 modulo 4. We can do better and also achieve lower 
bounds if we use the mean-value theorem to estimate g(1). We need an 
estimate of g’(s) for s near 1. For this we use the Borel-Caratheodory lemma: 
LEMMA 2.9. Let R > 0 and let g(s) be regular in 1 s - s, / < R. Suppose 
Re g(s) < M for 1 s - so I = R. Then in j s - so 1 ,< $R we have 1 g’(s)/ < 
804 - Re ds,))lR. 
Proof: This is the special case r = -$R of Satz 4.2, p. 383 in [16]. 
The following estimate can be obtained for the derivative of g(s). 
PROPOSITION 2.10. Let r = O.O5/ln 1, so = 1 + r. Then for ( s - so / < r 
we have 
1 g’(s)/ < 4(I - 1) ln(Z/3) + (In 1)(236 + 218.4 In In r). t%i9 
Proof Let u = 3/20 In I. In the strip S(-u, 1 + u), Theorem 2.7 yields 
the bound Reg(s) ,< B(v) + d * $(l + u - u) * In@ I 1 + s 1/27r). We have 
B(v) < 2.82 + 1.77 In In I, and for / s - so j < 2r we have 1 1 + s 112~ < 3-l 
and 1 + 0 - (T < 4r. Thus Re g(s) < 2dr ln(1/3) + 2.82 + 1.77 In In I for 
) s - so ) < 2r. From (2.a), Corollary 2.3, and Lemma 2.6 we see that 
-Re g(so) < 0.96 In In I + 0.13. Applying Lemma 2.9 now completes the 
proof. 
The main result of this section is the following 
THEOREM 2. II. Let I 3 263 be a prime for which all the Dirichlet L- 
functions with odd Dirichlet characters of conductor I are nonzero in the disk 
I s - 1 - 0.05/n 11 < O.l/ln 1. Then 
ln(H(f)/G(Z)) < In I + In ln(l/3) + 2.79 
+ I ln(1/3) 
x (54.6 In In 1 + 59) 
- ln(H(I)/G(1)) < In I + In ln(1/3) + 2.88 
+ 1 ln(1/3) 
In- (54.6 In In 1 + 59). 
In particular, H(Z) < (e3.5al ln(Z/3)) G(f). 
Prooj Let u = 1 + l/4(1 - 1) ln(1/3) and apply the mean value theorem 
to g(x) on the interval [l, ~1. Then g(1) = g(u) + (1 - a) g’(c) with 
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1 < c < u. As before, we may use (2.a), Corollary 2.3, and Lemma 2.6 to 
bound g(u) from above and from below. These bounds together with 
Proposition 2.10 provide the bounds on g(1) = H(I)/G(I). 
The results of Theorem 2.11 hold also for 1 < 263. Indeed, we have 
calculated H(I) for I < 521 (see [lo]) and the following was observed: 
THEOREM 2.12. For primes 1, 5 < 1 < 521, nlxodd ,x=l L( 1, x) lies between 
3 and 8. In particular, $G(l) < H(E) < $+G(l) for these primes. 
3. ARITHMETIC RESULTS 
In this section we will use class field theory to prove some results about 
the prime factors of H(1). Our number fields are all finite extensions of the 
field of rational numbers. 
For a number field F, C(F) will denote its ideal class group (in the wide 
sense) and the class number h(F) of F is just the order of C(F). Fix a prime p 
and let S(F) denote the p-Sylow subgroup of C(F). The Hilbert p-class field 
of F will be denoted H(F). It is the maximal unramified Abelian extension 
of F with p-power degree and Gal(H(F)/F) is canonically isomorphic to 
S(F) by the Artin reciprocity law. In particular / H(F) : F I is the exact 
power of p dividing h(F). If F/K is normal and u is an embedding of H(F) 
which leaves K elementwise tied, then a(H(F))/a(F) is an unramified Abelian 
p-extension of u(F) = F. By maximality v@(F)) C H(F) so H(F)/K is normal. 
The action of Gal(F/K) on S(F) corresponds to group theoretic conjugation 
of Gal(H(F)/F) by Gal(H(F)/K)/Gal(H(F)/F). 
We assume all our fields to be either totally imaginary or totally real and 
with the property that there is a map (possibly the identity) J induced by 
complex conjugation on both the field and its ideal class group. We also 
assume that J commutes with all the automorphisms of our fields. Such 
fields are called J-fields. We will denote the maximal real subfield of F by F’. 
Under our assumption 1 F : F’ j = 1 or 2. The relative class number h*(F) 
of F is the integer h(F)/h(F’). The relative class number of a totally real field 
is then 1 and the relative class number h*(F) of a totally imaginary field F 
is just the cardinality of Ker(C(F) -9+J C(F)) since this map is surjective. 
If S is a finite Abelian group on which J acts, there are subgroups Sf, S- 
of S which are just the kernels of 1 - J and 1 + J, respectively. When S has 
odd order, S = S2 and S, S- are the images of 1 + J and 1 - J, respec- 
tively. Furthermore, in that case S = S+ x S-, an internal direct product. 
By the p-rank of the finite Abelian group S, we mean the dimension of 
the F,-vector space S & F, z S/{SY j .s E S]. 
The following lemmas are fundamental. 
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LEMMA 3.1. Suppose F/K is normal with Galois group G and S(F) = T x V, 
an internal direct product where G acts on T and on V. Then there is a subfield L 
of H(F) normal over F with Gal(L/F) s T, a G-isomorphism. 
Proof As described above, Gal(H(F)/F) is G-isomorphic to S(F) so we 
may view S(F) as a subgroup of W = Gal(H(F)/K). Since VQ C V for all g 
in G, V a W. Let L be the subfield of H(F) fixed by V. The result follows. 
LEMMA 3.2. Suppose F/K is normal with Galois group G whose order is 
prime top. Suppose T is a subgroup of S(F) & F, on which G acts. Then there 
is a subfield L of H(F) normal over F with Gal(L/F) z T, a G-isomorphism. 
Proof. Let S = S(F) & F, . Then S is G-isomorphic to Gal(N/F) where 
N is the fixed field ofpth’powers of elements of S(F). Hence N is the maximal 
Abelian unramified extension of F of exponent p and as such is normal over 
K. Thus G acts on S, an F,-vector space. Since T is a subspace it has a com- 
plement V with S = T x V. By averaging over G, we may assume that V is 
G-stable. Then proceed as in Lemma 3.1. 
LEMMA 3.3. Let p be an odd prime and let F be a totally imaginary J-jield. 
Then p / h*(F) if and only if there exists an unram$ed Abelian extension L 
of F, ) L : F 1 = pa > 1, L/F’ Galois, and JaJ = o-l for aI o E Gal(L/F). 
Proof. We remarked earlier that h*(F) = card C(F)-. Hence S(F)- is 
nontrivial. Now apply Lemma 3.1 with K = F’, S(F) = S- x S+. 
Conversely, suppose F has a nontrivial unramified Abelian p-extension 
L with L/F’ Galois and JaJ = 0-l for all u E Gal(L/F). Consider M = 
FH(F’). This is an unramified Abelian p-extension of F and JTJ = T for all 
r E Gal(M/F). Sincep is odd, L and M are linearly disjoint over F so the 
p-part of 1 L : F 1 h(F) equals 1 LM : F [ which divides the p-part of h(F). 
We are now ready to prove our main results of this section. 
THEOREM 3.4. Let E/F be a cyclic extension of degree n with E/F’ Galois. 
Let p be an odd prime not dividing n and suppose S(E)- = 1 for all I? with 
F C E g E. Then the p-rank of S(E)- is divisible by f = the order ofp module n. 
Proof We may assume that S(E)- # 1 and hence that E is totally 
imaginary. Let S = S(E) & F, . Then S- # I and S- has the same p-rank 
as S(E)-. Let G = Gal(E/F). Since E is a J-field, we have Jg = gJ for all g 
in G. Consequently, S- = S1-J is invariant under G and hence also under 
G’ = Gal(E/F’). By Lemma 3.2 there is an extension L of E with L/F’ 
Galois and B = Gal(L/E) G’-isomorphic to S-. 
Suppose g E G acts trivially on a subgroup B # 1 of B, g # 1. Since J 
inverts the elements of B, g has odd order and (gJ) contains (g) as a 
subgroup of index 2. Let I?! be the proper subfield of E fixed by (g). Then 
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E is totally imaginary and I?’ is the field fixed by (95). By Lemma 3.2 there 
is an extension l of E with Gal(E/E) (gJ)-isomorphic to I? and z normal 
over l? and hence over E. Let A = Gal(E/E). Now A/B N (g) and (g) acts 
trivially on 8. Since the order of (g> is prime to the order offs, the group 
extension A/B splits and we have the direct product A N B x D where 
D N_ (g) and J acts trivially on D. Let K be the fixed field of D so that 
Gal(L/K) = D and Gal(K/E) N A/D ~11 B, a nontrivial p-group which J 
inverts. Let P be any prime divisor of i= with inertia group T for z/E. Since 
L/E is unramified at all prime divisors, T n fi = 1. The groups B and D 
have relatively prime orders so it follows that T C D. This shows that K/E 
is unramified at all prime divisors. Since D is a normal subgroup of Gal(,?/E’), 
Lemma 3.3 implies that s(E)- # 1 contrary to hypothesis. This contradiction 
shows that a generator of G and all its nonidentity powers act nontrivially 
on B and its proper subgroups. 
Any G-module which is a vector space over F, is G-isomorphic to a sum 
of irreducible submodules of the semisimple algebra F,[G]. By identifying G 
with the group of nth roots of unity, we see that F,[G] N Odin Rd where 
Rd = ZKJPZ&I, L a P rimitive dth root of unity, and gd acts trivially 
on all constituents of Rd for all g E G. By what we have seen above, the 
G-module S- has all its irreducible constituents taken from R, . Now R, 
is the direct sum of the residue class fields of the primes above p in Q([,J. 
These fields are certainly irreducible G-modules and each has dimension f, 
the residue class degree, over F, . As is well known, f is the order of p 
modulo H. 
COROLLARY 3.5. Let EC Q(exp 2+/l) and suppose the relative class 
number of every proper nonreal subjield of E is prime to p, an odd prime not 
dividing i E : Q 1. Then the p-rank of C(E)- is divisible by f, the order of p 
modulo I E : Q I. In particular, p / h*(E) implies pf j  h*(E). 
We also have the following “pushing-down” property. 
THEOREM 3.6. Let E/t; be a totally ramified p-extension, p an odd prime, 
where exactly one prime divisor of F ramtfies in E. Then p I h*(E) tf and only 
GYP I h*(F). 
Proof. We may assume E, and hence F also, is totally imaginary. If 
p I h*(E), then by Lemma 3.3 there is an unramified Abelian extension L 
of E, / L : E I = pQ > 1, L/E’ Galois, and JuJ = u-l for all u E Gal(L/E) = S. 
Assume L is the maximal field satisfying all these properties. Now Jcommutes 
with all the elements of A = Gal(E/F) since E is a J-field and so E/F’ is 
Galois. By the maximality of L, L/F’ and hence L/F are Galois. Let B = 
Gal(L/F) and let T be the inertia subgroup of B for any prime of L lying 
above P, the unique prime of F ramified in E. Since L/E is unramified and 
641/10/3-z 
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E/F is totally ramified, T has 1 E : F I elements and S n T = 1. Since B is a 
p-group, T is contained in N, a normal subgroup of B of index at least p. 
Let N be the smallest such normal subgroup of B. The inertia subgroups of 
all the primes of L lying above P are conjugate in B and are thus contained 
in N. Let K be the subfield of L fixed by N. Then K is the maximal sub- 
extension of L/F which is unramified and so is Galois over F’. Since 
lB:NI>l, IK:AI>l.NowB/NisahomomorphicimageofS,so 
KIFis an Abelian extension and J acts on BIN. Also, S has only the identity 
element in common with any B-conjugate of T so it is easy to see that J 
inverts the elements of B/N. By Lemma 3.3 then p I h*(F). 
Conversely, if p I h*(F) let L be the Abelian extension of F described in 
Lemma 3.3. Since E/F is totally ramified, LEIE is an Abelian extension of E 
which by Lemma 3.3 shows that p 1 h*(E). 
For applications of the above results to factoring H(I) we need the “stan- 
dard factorization” of H(I). For more details see [5, Sections 31, 331. 
Let x be any Dirichlet character mod 1 of exact order 2d. Let ef = 2d 
with f odd and define c, = 1,2,1, or 21 as follows. Put c, = 1 unless the 
corresponding f is a maximum or a minimum. When f is the largest odd 
divisor of d, 2 I c, . When f = 1, 1 I cEd . We have c, = 21 only when d is a 
power of 2 and e = 2d. The algebraic number b, = (-l/22) xi=, xf(a)a 
lies in Q(exp 2+/e) = K and we put H,(I) = c,NKIO(bf) where ef = 2d, 
f odd. 
What we have done is grouped together all of the factors of (1.a) which 
are conjugates of one another and redistributed the constants 21 so that 
H(l) = n fw 
t?f=Z-1 
fodd 
(3.4 
is an expression for H(1) as the product of rational integers. If E C 
Q(exp 2rriJl) = L, E totally imaginary of degree n, then 
h*(E) = n fw. 
rf=n 
fodd 
(3-b) 
We now have the following results for the field L. 
THEOREM 3.7. Let p be an odd prime and c a positive integer. Suppose 
cp” 1 (I - 1) and let E and F be the subJ?elds of L of degree cp” and c, respec- 
tively. Then p ] h*(E) if and only ifp I h*(F). 
Proof: We may assume that E and F are totally imaginary. Then the 
unique prime above I in F is the only prime which ramifies in E and it is 
totally ramified. Now apply Theorem 3.6. 
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THEOREM 3.8. Let p be an oddprime not dividing e and let E be the unique 
subfield of L of degree e. If p T h*(F) f or every proper nonreal subjield F of E, 
then H,(l) is either prime top or divisible by pf where f is the order ofp modulo e. 
Proof. By Corollary 3.5, we have h*(E) is either prime to p or divisible 
by pf. Using (3.b), however, and our hypothesis we see that the p-parts of 
h*(E) and H,(l) are the same. 
The results of Theorems 3.7 and 3.8 were known to Lehmer. He is able to 
prove slightly more general results using only elementary methods [8, 93. 
In particular, he shows that p / H,&) if and only if p / H,(Z) for any odd 
prime p with ep / (I - 1). A study of the action of Gal(L/Q) on S(L)- would 
probably give this result. For primes p, p { le, Lehmer shows that the exact 
power of p dividing H,(1) is a multiple off, the order of p modulo r. This 
seems to be similar to our result 3.4, but Lehmer’s result is only about 
factors of class numbers, not about structures of class groups. Theorem 3.4, 
on the other hand, allows us to conclude immediately that the ideal class 
group of Q(exp 2&/41) has exponent 11 once we know that its order is 121. 
As we remarked earlier we used the results of this paper to calculate H(Z) 
for I c: 521 and partially factor these numbers. The details of these com- 
putations appear in [IO]. 
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